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Abstract
The purpose of this thesis is to give a survey on the subject of
haracterisat:ions of an Asplund space.-
An Asplund space is a real Banach space X. such that every conLinuous
convex real-valued function defined on an open convex domain of X is
Fre'chet differentiable on a dense G, subset of that domain. F rech
differentiability serves as a tool in finding extreme values of a real-
valued function wi.lose domain is a Banach space. Those points with Frechet
differentials equal to zero will be the potential extreme points, as similar
in the classical case. The convexity condition? of a function required in
the definition of an Asplund space will give very nice properties- in st--idying
Frechet differentiability. On the other. hand, this condition does not
restrict us too fu_Ich in applicatj_ons: we require only that the l_oca:l_ boil v:iou
of a function is convex, as stated in the definition of an Aspl'und space.
At these extreme points, which we are interested, the !_ocal behaviour of the
functions will amlestly be convex (or concave).
The concepts of Freclet differentiability and Guteux differentiability
will ba intredurer in Chapter two Also direet proofs of the equtvalence
of Frechet differentiability and Gateaux differentiability of convex funetions
on IRn and that IRN is an Aspiund space with be given.
Several characterisations of Asplund spaces will be given in Chaoter
three. (results of Asplund, Namioka and Phelps). These characterisations
serve to prove the main theorems in Chapter (Thm. 4.6) and Chapter five
(Thm.5.1).
In chapter four, we give some geometric characterisations of an Asplund
space. (results of Uni, Lindenstrauss and HUff--I3orris--Stegai1), We chaactrize
a Banach space X to be an Asplund space by studying the Radon-Nikodym
Property and the Kr ein-PZi lean Property of its dual space Xa. Separability of
a Banach space aplays a very important role in the above considerations.
Unapter live gives anottler ctxaracterisation: A banacti space X Is
an Asplund space iff every equivalent norm of X has at least one point
Fre'chet differentiable. Thus, the definition of an Asplun.u. space is weakened
by this characterisation, which simply says that equivalent nouns are typical
convex functions.
To demonstrate the results in. Chapter five, I use elementary .method.
evaluate the Freche ft differentials of the norms for some classical Banach.
spaces.
It is worth to point out that although is not an Asplund spaces
its norm is Fri chet differentiable on a dense G set
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Differentiation is a very useful tool in solving extremal problem in the
classical case. In order to tackle the same problem with functions whose
domain is in a Banach space, the concept of differentiability must be extended.
Asplund characterized certain Banach spaces (which we call Asplurnd
spaces) such that every continuous convex real-valued function defined on
an open convex domain of the Banach space is Frechet differentiable on a
dense G subset of that domain. As differentiability is the studying of
local behaviour of a function, convexity is a natural condition added to a
function. On the other hand, convexity gives very nice property in studying
Frechet differentiability.
In 1968, Asplund showed that a Banach space with separable dual is an
Asplund space. Also, by the works of Kenderov, Namioka and Phelps, Asplund
spaces are characterized by their separable subspaces having separable duals.
On the other way, Rieffel tried to extend the Radon-Nikodym Theorem to
the case for vector-valued measures. Those Banach spaces which the Radon-
Nikodym Theorem still holds are said to possess the Radon-Nikodym Property.
In 1967, Rieffel gave a geometric characterisation: A Banach space is said
to possess the Radon-Nikodym Property if every closed bounded convex subset
is dentable. On the other hand, Lindenstrauss discovered another geometric
property of Banach space: A Banach spade is said to possess the Krein-Milman
Property if every closed bounded convex subset is the closed convex hull of
its extreme points. He also proved that a Banach space with the Radon-
Nikodym property will have the Krein-Milman property; while Uhl proved that
every separable subspace of a Banach space has separable dual if the dual of
2the Banach space possesses the Radon-Nikodym Properry, And Huff-Moris-
Stegall proved the remain implication: every separable subspace of a
Banach space has separable dual if the dual of the Banach space possesses
the Krein-lilman property. Thus, the equivalence of the above three
considerations is verified. And Asplurld spaces have the above geometric
characterisations.
Another important characterisation of Asplund spaces is the studying
of differentiability of their equivalent norms. It is shown that a Banach
space is an Asplund space if every equivalent norm of it has at least one
point Frechet differentiable. Therefore, it is quite natural to evaluate
the Frechet differentials of the norms of some classical Banach space and
to seek other equivalent norms which have better Frechet differentiability.
3
Chapter 1. Preliminaries
X always denotes a real Banach space, and X* is the vector space
of all continuous linear functionals on X .
X* is a Banac space under the norm
sup
Consider p : X → IR , p is called sublinear if p satisfies
and
If p is a sublinear, then therefore
and hence for
all
It is easy to see that p is linear if p also satisfies
for all
Theorem 1.1 (Hahn-Banach Theorem)
Let M be a vector subspace of X , f a linear functional on M
and a seminorm (or sublinear) on X , such that
then there exists a linear functional on X , such that
for all and
for all
Proof: (See [1], p.56)
4
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Let then there exists such that
for all
Proof: IF take IF apply Theorem 1.1
with M the one-dimensional space generated by xo , and
Corollary 1.4
Let p be sublinear on X , and p dominates only one linear
functional, then p is linear.
(p dominates f if for all x X) .
Proof: It suffices to show that for all
Suppose on the contrary, there is a x in X ,
Let f1,f2 be two linear functionals on the vector space generated
by x , defined as follows
5
f1,f2 are dominated by p , by Theorem 1.1, f1, f2 can be extended
to linear functionals Al,A2, and A1,A2, are dominated by p .
A1 and A2 are different sine
This contradicts the assumption.
Theorem 1.5 (Separation Theorem).
Let A, B be nonempty, disjoint convex sets in X With A compact
and B closed., then there exists such that
Proof: See [1], page 58.
Corollary 1.3 says that for every element xo in X , there is a
f in the unit ball of X* , such that f(xo) attains the norm of xo .
The dual result is in general not true: not every element f in X*
attains its norm at some x in the unit ball of X . But the set of all
elements in X* which attain their norms at some points in the unit ball
of X is dense in X* . This is an easy consequence of the following theorm.
Theorem 1.6 (Bishop-Phelps Theorem)
Let C be a closed convex bounded set in X . The set of all
elements in X* that attain their maximum on C is dense in X* .
In particular, it C is the closed unit ball in M , then for all
and there exists with and
for some x in X ,
Proof: (See [11], page 189),
Combining Theorem 1,5 and Theorem 1.6, we get a very useful corollary.
Corollary 1,7
Let A., B be non-empty closed, convex, bounded subsets in X , and
then there exists f e X and b e BA such that
f(b) ~ sup f(x) sup f(x) .
xcB X£ A
Proof: Let 11 0 such that ||xj j M , for all x a B . Let c £ BA .
By Theorem 1.5, there is g e X-'c such that g(c) sup g(x) ,
xe A
Let g(c) - sup g(x) - 2s 0 . By Theorem 1,6, there exist f e X ,
X £ A
b s B , j jf ~ gj j ~~ such that f (b) = sup f (x) , Then
-11 -j. XcB
f (b) f (c) = g(c) + (f-g)(c) g (c.)
C
? sup g(x) +
X £ A
3




= sup f(x) + s sup f(x) .
X£A X£ A
Theorem 1.8
Let {x , . . . , x } g X , {a. , . . . , a } 5 IR and y 0 . Then a1 11 1 n
necessary and sufficient condition for the existence of a f £ X-'c with
f (x.) = a , i = 1, . . . , n .
and ||fj | y is that the inequality
n n
j . E 3 , a. j y! ! ,2,8.x,1= 1 1 1 1= 1 1 1 holds for any
(s,, ..., 8 ) c mn .1 n
7
Proof: (See [6], page 106).
Theorem 1.9 (Helly Theorem)
Let
amd Then a
necessary and sufficient condition that there exists, for each an
element such that
and
is that the inequality
holds for any
Proof: (See [61], page 109).
Combining Theorem 1.8 and Theorem 1.9, we get the following corollary:
Corollary 1.10
Let and such that and
then there exists such that
for all i .
Proof: Let By Theorem 1.8,
holds for all
By Theorem 1.9, there exists x X with such that
for all i .
Theorem 1.11 (Banach-Alaoglu Theorem)
If V is a neighborhood of 0 in X and K ~ {f e. X : I f (x)| I ,
for all x € V} j then K is weak compact.
In particular, the closed unit ball in X is weak compact in X ,
and any bounded subset in X is relatively weak compact.
Proof: (See [I], page 66).
Since the weak topology on X is strictly coarser than the norm
topology on X , a set A which is closed in X is in general not weakly
closed in X , though this is true if A is also a convex set by the following:
Proposition 1.12
If A is a convex, closed set in X , then A is weakly closed in X .
Proof: (See LI], page 64).
A subset K of X Is called separable if K has a countable dense
subset.
It is easy to see that X is separable iff the sphere
S = (x £ X, ||xj | = 1} is separable; and if X Is separable then every
subspace of X is separable.
Theorem 1.13
If X is separable and K is a weak compact subset of X , then
K is weak metrizable.
Proof: (See [1], page 68),
Theorem 1.14
Let Y be a separable subspace of X , Then there exists a separable-
sub space M of X such that Y is isometric to a subspace of M »
Proof : It suffices to find M. and a linear isometric map 4.
b : Y - M ,
let {yi; y2 y n be a dense subset in Y , For each y. , findr
a sequence
Let M be the closed subspace generated by the countable set
i = 1, 2 , n = 1, 2, Then 11 is a separable subspace
Define is the res trietion
of y on M .
b is linear obviously. To show j !b(y)|| ~ ||yj | , it suffices to
show that each y attains its norm in M .
For all e 0 , y e Y' , there exists
and there exists
then
thus y attains its norm in 11 .
Let K be a nonempty compact convex subset of X . A point e e K
is called an extreme point of K if e is not a nontrivial convex
combination of elements in K ,
Denote by 9K , the set of all extreme points of K . A subset B
of K is called a extremal subset of K if x, y are in B r whenever
Ax + (1 - A)y c B , with some Ac (0, 1) , and x, y c K , A nonempty
convex extremal subset of K is called a face of K .
It is easy to verify that if e is an extreme point of B y K , and
B is extremal subset of K 5 then e e 9K .
Theorem 1.15 (Krein-Milman Theorem).
Let K be nonempty compact convex set in X . Then each closed
face of K contains at least one extreme point of K , and K is the
closed convex hull of the set of all extreme points of K .
Proof: (See [6], page 362).
Theorem 1..16 (Milman? s Theorem)
Let A be a nonempty subset of X . Suppose that the closed convex
hull of A is compact. Then the extreme points of the closed convex hull
of A lie in the closure of A .
Proof: (See [9], page 332).
A
Chapter 2. Gateaux Differentiability and Frechet Differentiability of
Convex functions
D always denotes a nonempty open convex subset of a real Banach
space X .
always be a continuous convex function on D into IP, . Recall
that a f unc tion is convex if satisfies
for all
Lemma 2»1
Then for each the right-hand directional
derivative exists and defines a
sublinear functional on X .
Proof: Since D is open, is always defined for sufficiently
small We prove the limit exists by showing that the
difference quotient is decreasing as and is
bounded below.
We can assume for the sake of simplicity that
then, by convexity of ij , we have
therefore
Applying this to - x , increases
as
Again, by convexity of ip , we have for t 0 ,
thus
This shows that the right hand side is bounded below and the left hand side
is bounded above. Thus both limits exist, and
It is obvious that positively homogeneous, that is
To see the subadditivity, we use convexity of
and take limits as
We now consider the left-hand directional derivative
Clearly •j
which shows that the left hand directional derivative exists and
Definition 2,2
A
is Gateaux differentiable at x £ D if the limit
o
exists for all The function is called the Gateaux
differential of
It is immediate from the definition that if ij is Gateaux differentiable
then
Recall that a sublinear p is linear iff in
This shows that is Gateaux differentiable at is
linear; if this is the case, then is a linear functional on
Moreover, we can show that is a continuous linear functional
is Gateaux differentiable at that is,
We show that is locally Lipschitz, that is, there exist
such that whenever and
Since is continuous a t there exist
6 0 such that
distinct points such that
Interchanging x and y , we get
whenever x, y e D .
For any x e X and sufficiently small t with




is Frdchet differentiable at x r D if there exists f e X
o
such that for each c 0 , there is 6 0 for which
whenever
f is called the Frdchet differential of ip at x ; denoted by
o
It can be shown that if I is Frechet differentiable at x , then
o
ip is Gateaux differentiable at , Indeed, let x e X . By replacing
x by tx , () becomes
+
Let t -• 0 . Then
we get d 4-1 (x ) (x) = f (x) ,
o
since f is linear, it is seen that 1 is Gateaux differentiable at x ,
o
and It follows that the Frechet differential of
at x , is unique when exists.




is Gateaux differentiable at x £ D iff there exists a uniquers 1
f e X satisfyinn
1 (x - x ) if (x) - ip (x ) for all x in some neighborhood of x
o o' o
Any f e Xv'c satisfies () is called a subdifferential of ip at x
o
Proof:
If dl(x ) exists, then for all x in some neighborhood, say D ,o
of x
o
The last inequality is obtained by taking t = 1 and the fact thati
I
the quotient difference is nonincreasing as t -- 0
Therefore dif(x ) is a subdif f erent ial of ip at x . Suppose f
o o
is another subdif ferential satisf j v () . Then for any x £ X ar,d
sufficiently small t , thus
This implies that f(x) db(x )(x) , for all x £ X , hence
o
f = al(x ) since both are linear.
o
To show the converse, let f be the unique subdi fl: erent ial of o
at x satisfying () . By the above argumeixt, f (x) £ d i|'(x)(x) ,
l
for all x e X . As d ip(x ) dominates only one continuous linear
o
-{- 4-
functional; and since d i|j(x ) is continuous, d i(x ) cannot dominate
o o
a linear functional which is not continuous, therefore d~~l(x ) dominates
o
only one linear functional.
4





A real Banach space X is called an Asplund space if every continuous
convex real valued function ip defined on an open convex subset D of E
is Frechet differentiable in a dense G. subset of D .
o
Definition 2.6
Let x e D . Denote by 91(x ) the set of all subdifferentials
o o
of ip at x The set value map x - 9if(x) is called the subdifferential
o
map.
We characterise the Frdchet differentiability of ip at x e D by
considering the continuity of the subdifferential map at x . To show this,
we need the following lemmas.
Lemma 2.7
Let x e D . The set 9f(x) is nonempty, weak- compact and convex.
Moreover, the. subdif ferential map is locally bounded: For any c D there
exists M 0 , and a neighborhood U of x such that | |f j | M
so o
whenever f e 3ip (x) , and x e U .
Proof: By the Halm-Ban a ch Theorem (Theorem 1.1), there is a linear
~f,
functional f on X dominated by d ip (x ) , This £ must be continuous,
o
because d ip(x ) is continuous, hence f e 3b (x ) by the argument given
o o
in the proof of Proposition 2,4. Thus 9b (x) is nonempty. The convexity
of 3b(x ) is immediate from the definition.
Since ifj is locally Lipschitz, there exist M 0 and a neighborhood
U of x such that
o
|b(y) ~ b(x)| i Ml|x - y|I for all x, v e U ,
If f £ 3b(x), x e U , then for all y £ U , one has
f (y - x) b(y) ~ b('x) i H| jy - x | | 3
which implies that lf!| •' M .) I I
Hence dty(x ) is a norm bounded set. By the B an a c h-A1aog1u Theorem
(Theorem 1.11), 3b(XQ) is relatively weak. compact. We complete the proof
by showing that 3b(x ) is weak closed.
Let f , f e 3b (x ) such that f converge to f .in the weak
a o a
topology.
Since f (x - x ) ip(x) - b (x ) , one has f (x - x ) b(x) ~ b(x
no o' o o'
for each x c D . Thus f c 3b (x ) . The proof is completed,
o
The subdif£erential map is always norm-to-weak upper semicontinuous:
given (x } c_ D and x c D , with ; ! - x! ~y 0 , then for any weakHi
open subset W containing 30(x) , one has 3b(x ) _ W for all sufficientlyII
large n •
Suppose there exists weak open set W containing 3b(x) , and a
subsequence (we can assume this subsequence is {f } itself) f c 31(x ) ,
n n 1 n
such that f k W , for all n „ By lemma 2.7, and by considering only'fZl » -J .J J1JL
sufficiently large n , we can assume that {f } is norm bounded. Hence
n
there exists a subnet {f } of (f } such that f converges to f inGv n. CI
the weak topology. Let e 0 and for each z in some neighborhood of 0 .
One has f(z) f (z) + e0 and $(z+x ) - b(z-fx) eM, ib(x) - ip(x ) £1 for
a g a J- a
some a since ip is continuous. As f e 81(x ) , £ (z) iKz+x ) - p(x ). Hence
a a a a a
f(z) 1 (z + x ) - 1 (x ) + i ip(z -J~ x) - ijj (x) 1- c. « for all s 0 .
a ' a j
Thus f (z) ip (z + x) ~ ij (x) , Hence f e 'Sip(x) c_ W . This contradicts
that f W for all f as W is a weak open set.
a a
Lemma 2.8
Suppose (x ) exists and that {f } c X satisfies the following:
o n —
There exists (3 } c ]R with B -y 0 such that f (y) l(x + yj - ip(x ) + B ,
n — n n ' ' o o n
whenever y is in some neighborhood of 0 . (In this case we say that fJ O J n
is almost a subdifferential of 1 at x ,, M Then | If - iT(x ) j -+ 0 .
o ) 1 n o 1
Proof: Suppose on the contrary that there exist a subsequence (we can
assume it is (f }) and e 0 such that jif - p'fx )|i 2e , for all n .
n n ' o
Hence there exists (z } c X with I z II =1 and
n — 1 1 n 1 1
(f - i|M (x )) (z ) 2 e , for all n . Since 'p1 (x ) exists, there is
n o n - o
5 0 such that ip(x + v) - ip (x ) - ip' (x ) (y) ci iy; whenever yj j 5
o o o
We can assume 5 is small enough such that
f (y) ip(x + v) - i(x ) + 3 holds If My! 5 by virtue of the given
o o' n
hypothesis.
Let v . Then i|y |I = 6 , and
n n n
Letting 8 0 , we sec; contradiction.
n
Theorem 2.9
exists, then the subdifferential map x dip(x) is norm-
to-norm upper semicontinuous at x0. That is, for all e 0 , there exists
quch that if and t h en
Proof: Suppose that = D and We have to show
For all sufficiently large n
and for all y in some neighborhood of 0 , we have
By lemma 2.7, we can assume is norm bounded. Since
we must have 3 ~v 0 .
n
Hence, by lemma 2.8, A partial converse of
the above Theorem is a consequence of the following lemma:
Lemma 2.10
The set {x e D : l'(x) exists} is a G. set.0
Proof:
'De ie set °f 3.11 x in 13 for which there exists a
neighborhood B(x, 6) £D such that, for all x x c B(x, 6) ,
z
Clearly U is open, for all n ~~ 1, 2, ... , We show that i'(x) existsIX,
Suppose i,? (x) exists, then for each n , the upper
seraicontinuity of y - d{j(y) at x (Theorem 2.9) implies that x r U
n
thus
Conversely, if then, in particular the diameter of
for each n . Thus is sing1eton, say




We have shown that
Hence ijjT (x) exists and is equal to f because
Theorem 2.11
is singleton and if the map is norm-norm
upper semicontinuous at (defined in the proof of
Lemma 2,10), for all n . Hence 11(x ) exists.' o
Proof:
CO
By the proof of lemma 2.10, the given hypothesis imply x £ _ b ,J r ~ O Tl- 1 IX
and thus b'Tx ) exists.
o
We finish this chapter by verifying directly that IRn is an Asplund
space: every continuous convex function b defined on an open convex set
is Frdchet differentiable in a dense Gf. subset of D ,0
We first show that Gateaux diffGreat lability and Frdchet differentiability
n
are equivalent in IK
Theorem 2.J. 2
be convex (and so continuous) where D is open
II
convex in IR .
Then exists iff exist for all
Proof: It is obvious that if exists then exists.
i
Conversely, suppose ip has all partial derivatives at
and the function
Then G is convex, as a function of
Note that
an d
For all t h e ab o v e b e c o me s
As G is convex,
provided that is sufficiently small.
Hence f is Frechet differentiable at with differential
Theorem 2.13
Let p : D - ill , where D is open convex in IR , y is continuous
and convex on D .
Then 1T(x) fails to exist for at most at countably many points x
in D . (Thus the set of all points x in D for which ]P1 (x) exists
is a dense G set in D) ,
6
Proof: By Theorem 2.12, ,1(x) fails to exists if and only if the limit
do es no t exis t , i.e.
because, is always R.Ii.S. by convexity of





We. liave proved T1 (x ) fails to exisU if the function x - d T(x)
° .
has a i umi) at x . It is obvious that there are at most count ably manyj . o y
such points. Let them be S = . x,, :0, ... . Since S has empty interior,I '
Y S i s dense. Since S = , t x Ls a union of count:ably many closed
n- ; ii
subsets of D , DS is a Gset.6
n
By T1icorem 2.12 and T]ionn2 . 11, v:c can now vca ifv dircct 1 y t:hat IRj
is an Asp 1 tun] s.pnce.
Theorem 2.14
TH
Let 4 : D - IR, where D is an open convex subset of IR1' , and
is continuous and convex on D » Then j is differentiable on a dense
G. subset of D .
a
Proof:
Let fails to exist}
By Theorem 2.12, if fails to exists then some j .
Note that E. is measurable (see [7], page 116). Let y be the
3
characteristic function of E.
J
Fubini7s Theorem assures that
where m denotes the Lebesoue Measure on
c
If all the variables except x, are fixed.
as a function of x. ; by Theorem 2,13,
Hence
The set of all points x in D at which p1 (x) fails to exist is
Hence and in particular S has an empty interior, hence
DS is dense in S . Also bv lemma 2.10, the set DS is a G„ set,
o
Chapter 3, Some Characterisations of Asplund Spaces
In this chapterj, we give some characterisations of an Asplund Space:
Theorem 3.4 and Theorem 3.11.
We first introduce some definitions
Definition 3.1_
Let C be a convex subset in X containing 0 as an interior point.
The gauge function P with C 1..S defined by
c
P is positive-homogeneous, subadditive and nonnegative, and interior of
c
i s c on t i nu o u s s in c c
if C contains a closed ball of radius j tfaen this M has the above
property.
Conversely, any positive-homogeneous, subadditive, nonnegative and
c o nt in uo u s f un c t i on a 1
Def in it. ion 3. 2
Let C and P be defined as above. The set
is called the polar of C .
By the Banach-A 1 aog 1 u Theorem (Theorem 1.11), C° is relatively weak'
compact since C is norm bounded in X „ Closure of C° is immediate
from the definition . Hence C is weak- compact.
It is easy to see thatM
Also, the Hahn-Banach theorem shows that
Def inition .3. 3
Le t x e X and K be a bounded convex subset in X- . Denote
M(x, K) the supremum of K at x .
We say that x weak exposes
is called a weak exposed point if there
is some x e X which weak exposes K at f ,
We say that x weak strongly exposes K at f e K if
arid whenever is called a
weak strongly exposed point if there is some' x m X which weak strongly
exposes it.
The sets of the forir are called
weak slices of K , where a 0 .
It Is immediate from the definitions that if f is a weak strongly
exposed point of K , then f is a weak exposed point of K ; and if f
Is a weak exposed point of K , then f is an extreme point of K .
Also, note that f x s w g a iv strongly exposed by x iff f(x) = M(x, K)
and diameter of S(x, K, a) tends to zero as a tends to zero.
The following theorem gives some characterisations of an Asp lurid space.
Theorem 3.4 The following are equivalent:
i) X is an Asplund space.
ii) Each weak compact convex nonempty subset of X is the weak closed
convex hull of its weak strongly exposed points.
¥ ft n
111) Each weak compact convex nonempty subset of X contains at least
one weak strongly exposed point.
iv) Each nonempty bounded subset of X admits weak slices of arbitrarily
s ma11 diamet er„
Before proving Theorem. 3.4, we need some lemmas and propositions.
Proposition 3.5
Let p be a gauge functional on X and
Proof :
Applying this to ry where
r 0 and taking limit as r 00 we have f (y) P p(y) , hence f e C
In particular f (x) P p(x) . On the other hand, take y = 0 in the tirst
inequality we have that hence f(x) p(x) . Therefore we
Conversely, if
Proposition 3„6,x. , . - V m—i ,w i ...» ii..'
Let P be a continuous gauge functional on X with
Then x weak strongly exposes
is Frdchet differentiable at x , with differential
Proof: Suppose exists. By prop o s 1.1 i o r and
Thus x weak exposes
For all v t X , we have
By 1ernma 2.8, we conc1ud e that
Thus, x weak strongly exposes
o —
Conversely, if X weak strongly exposes C at f , we want to




Choose f e C such that
This is possible since
By definition of
11 foilovjs that
Hence p is Frdchet diffe.rentiab 1 e at x , with differential
f
Lemma 3.7
Suppose x5 y e X with
then either
Proof: The hypothesis on y implies
that the weak continuous on the space H functional f - f (y) has norm
at most f- 2 . By the Hahn-Banach Theorem5 this can be extended to an
element F £ X of norm at most e2 » which is easily seen to be weak
continuous since H is a hyperplane.
Therefore we can identify F with z e x , | j z| | 12 Since z
and y agree, as functionals on the null space of x , thus y - z = ax ,
some real a .
Thus, if a 0 ,
while if a 0 , then
Proposition 3«8
Every continuous gauge functional on X is Frechet different:!able
on a dense set iff every weak compact convex subset of X is the weak
closed convex hull of its weak strongly exposed points.
Proof: 9 Let K be a weak compact convex subset of X . We can assume
without loss of generality that 0 e K . Define p on X by
Then p is subadditive, positive
homogeneous and continuous since K is bounded. It follows from the
separation theorem that if
Let J be the weak closed convex hull of the set of weak strongly exposed
points of K „ If then there exists x X such that
where x is treated as a weak continuous linear
functional that separates J from some f € Kj . The continuity of these
two functions of x implies that the nonempty set where strict inequality
holds is open. By hypothesis, it must contain a point where p is
Frechet differentiable. Bv proposition 3.6, x weak strongly exposes' ' ' o
is a weak strongly exposed point,
this contradicts the fact that
Conversely, let p = p where c is a convex neighbourhood of 0
o
in X . Let Z be the convex and closed set on which p vanishes, we
can exclude Z from X since p is Frdchet differentiable at every interior
point of Z . Let x (- X and p(x) 0 , We want to approximate x by a
I ' !
point y where p is Frechet differentiable, We can assume j xj j = 1
since p is positive-homogeneous. Also, we can assume that
for all z e X • Given 0 e p(x) , it suffices to find y c X such
and y weak strongly exposes a point of
by proposition 3.6.
0
Let K - convex hull of CJ u N , where
Then K is weak compact and convex. By hypothesis, it is
the weak closed convex hull of its weak strongly exposed points. The set
must contain a weak strongly exposed point f „ For otherwise,
for all weak strongly exposed
f e K , hence for all general f in K ; this is impossible. Let y e. X
be a point which •weak strongly exposes f . We may assume
As f is an extreme point of K , then either f c C° or N . The latter
is impossible since x vanishes on N , we have
whic h is absurd.
Hence f e C° and y actually weak strongly exposes C at f .
To apply Lemma 3.7. we
want to show jf(y)| 1 , for all f c N . Since f p and
p(z) j |z for all z in X , we have |j f]| 1 and f(y) 1 .
Thus if f s N c_ K , we have f (y) By symmetry of
Therefore by Lemma 3.7, either
The former is impossible since j jf]| 1 and
Therefore the proof is complete.
Now we start to prove Theorem 3.4.
i) ii)





Let A be nonempty bounded subset of X , we want to show that Ar- ut is
$
admits weak slices of arbitrarily small diameter.
Le t and K be the weak closed convex hull of A . This
K is weak compact convex. By hypothesis, there is a f e K which is
strongly exposed by x c X , with Thus, there is a 0
such that diameter of S(x, K, a) e . Since K is the weak closed
convex hull of A , and hence S(x, A, a) is a subset
of S(x, K, a) and so of diameter c ,
iv) =? i)
Let i{; be a continuous convex function on the open convex subset
D c E . For each n and f e X , let V Cf) be the set of all x in D— n ~
for which there exists an open neighborhood V of x in D such that
Bip (xT) c f + —B , for all xr e V , where B is the closed unit ball
— n
» IT T .1 .
Ill A'c .
It is immediate from the definition that each V (f) is open, hence
n
V is open. We will show that V is dense in D .
n n
Let x € D and take a neighborhood U of . We can suppose
that the set f c 8p(x) for some x e U) is norm bounded
because of the local boundness of the subdifferential map. By hypothesis,
there exists z e .X and a 0 such that the weak slice. S (z, A, a)
has diameter less than 1_ . Choose
2 ri
for some x e U . For sufficiently small r 0 , the point
Hence we obtain
This shows that
Since the subdifferential map is norm-to-weak upper semicontinuous, there
exists an open neighborhood V of x in U such that
whenever x e V . The set on the right has diameter less than 1h . Hence2n
whenever x e V . This shows that hence
in V . We have found a point of V in U . Hence V is dense in D .
n ~ n n
CO
By the Baire category Theorem, the set n V_ is dense in the locally
n n
CO
compact D , To complete the proof, we show that for any x e n,V ,
r n= 1 n
is Frdchet differentiable at x .
For each n , there, exist f c X and 6 0 such that ! |y|
implies Choose
This shows that
The proof is complete.
Before we give another characterisation of Asplund spaces9 we introduce
the 1 three convex set1 lemma,
Lemma 3.9




in) convex hull of C7 and C05
Then there is a weak slice of G of diameter less than z which contains
a point of
Proof:
It is easy to see that D is weak compact convex and
hence C c D . Moreover, if r 0 , then
— o • '
To see this latter assertions note that ii) implies (by separation
theorem) that there exists x £ X such that M(x C) M(x, C) , while
iii) shows that M(x, u C0) M(x, C) , thus M(x, C ) M(x, C.) .
Suppose that C c , Then M(x, C) M(x, D ) . Let r a i and
Thus, we get
This implies M(x, C) M(x, DJ M(x, C) M(x, C) , a contradiction.
Thus diameter
2rM + diameter C »
Since diameter by choosing sufficiently small we get
diameter Fina 11 y, since therefore
is nonempty» Choose and apply the separation theorem to
get a weak slice of C containing f and contained in CD , hence this
r
slice has diameter less than e .
Corollary 3.10
X is an Asplund space iff every nonempty weak compact subset of X
contains nonempty weak relatively open subsets of arbitrarily small diameter.
Proof: The only if part is immediate from Theorem 3.4
Conversely, by Theorem 3.4, it suffices to show that every nonempty
bounded subset of X admits weak slices of arbitrarily small diameter.
By taking the weak closed convex hull of such a set, it suffices to obtain
the same conclusion for any weak compact convex set C „ Let c 0 and
A the weak closure of the set ext: C of all extreme points of C , By the
Krein-Milman theorem, A is nonempty, and by hypothesis, there exists a
weak open subset V of X such that V n A is nonempty and has diameter
less than G0 - Let C.. be the weak closed convex hull of the nonempty1
set V n ext C and C0 the weak closed convex hull of PCV Since C , C0
are wreak compact convex and their union contains ext C , hence
C = co(C u C0) . Moreover CC is nonempty; otherwise ext C - ext C, £ AV ,1 L Z
but by Milman's Theorem, V n ext C is nonempty. Clearly diameter C • e ,
and C, c c . By lemma 3.9, there is a weak slice of C of diameter less1
than e . The proof is complete.
The following theorem gives a characterisation of Asplund spaces:
Theorem 3.11
X is an Asplund space iff every separable suhspace of X has
separable dual (iff every closedVsubspace of X has separable dual).
SluWible.
We need some preparations to prove this theorem.
Proposition 3.12
If X is a separable Asplund space, then X is separable.
Proof:
Suppose X is not separable. Then there exist a positive integer
m and uncountable subset A of the unit ball B of X such that
for all f, g e A , with f p- g » Such m and A
exist. Otherwise, let A be a maximal subset of B such that
n
whenever f, g e A and f r g , these A are countable
subsets of B . Then u.A is a countable, dense subset of B ,
n~ 1 n
contradicting that X is not separable.
Since X is separable, B is weak compact and weak metrizable,
and hence satisfies the second count abilit}?- axiom (in weak topology). Thus
A has at most countably many points which are not weak condensation points;
we assume that these points have been deleted from A . By corollary 3.10,
there is a nonempty weak relatively open subset V of A of diameter at
most 1 . Since no point of A is weak isolated, there exist distinct
m
points f, g e V such that 1 j jf - gj; diameter V , a contradiction.i n
Proposition 3.13
If M is a closed linear suhspace of an Asplund space X , then 11
1Q 1 Qn Pn Acnl imrl ena r cs
Proof: Let C be a nonempty weak compact convex subset of M . It
suffice , by Corollary 3. 10, to prove that C contains nonempty weak
relatively open subsets of arbitrarily small diameter. Let e 0 .
Consider the quotient map Q : X X ±- M . 0 is of norm one, ontoJM
and continuous in the weak topology (since it is the adjoint of the
natural embedding of M into E) . Let B be the unit ball of X .
Since Q is an open map, the set Q(B) contains a norm neighborhood of
the origin of M . Since C is bounded, there exists A 0 such that
Q(B) ~ AQ(B) v C s let; K. ~ AB n 0 (C) . Clearly, K is weak compaci
convex and Q(K) ™ C „ By Zornfs lemma, there exists a minimal (under
inclusion) such set K, , since X is an Asplund space, there is a weak
slice S of K. of diameter less than e . The set KS is weak
compact and convex. By the minimality of , the weak compact convex
set C, = Q(kAS) is a proper subset of C . If f, . f_ £ CC, , there
i 1 12 1
exist g , g 6 S such that Q(g ) = f, , Q(g0) = f0 » Consequently,
diameter
Therefore the nonempty relatively weak open subset has diameter
less than
Proof of Theorem 3.11
Suppose that X is an Asplund space and M is a separable suhspace
of X . By proposition 3.13, M is an Asplund space. By proposition 3.12,
M is s eparab le.
Conversely, suppose X is not an Asplund space. We will find a
separable subspace M of X whose dual 21 is net separable. By corollary
3.10, there exist e 0 and a nonempty bounded subset A of X such
that if U is a relatively weak open nonempty subset of A , then
diameter U e
We observe the following fact:
if U is a nonempty weak relatively open subset of A , then there
are nonempty weak relatively open subsets V , V of U and x e X with
such that if
where denotes the weak closure of V. .
i




There two sets are nonempty and satisfy condition ().
Let U = A , and by repeatedly applying the above fact, choose a
sequence {U } of nonempty weak relatively open subsets of A and a
sequence {x } of points of norm one in X such that:
n
be the separable closed linear subspace generated by {x } . We claim that
M is nonseparable.
In fact, for each Tbranch1
_L L- -L.
suppose g is chosen from the nested intersection of a different branch
Tiere is an integer n such that
denotes the norm for M . Clearly there are un.count.ably man
such branches. Thus 11 is nonseparable.
We finish this chapter by giving some sufficient conditions of an
As p 1 uii d s p ace.
Proposition 3,14
Every Reflexive space X is an Asp lurid space.
Proof:
Let M be a closed separable subspace of X . If is obviously a
reflexive space, thus 11 ~ (11) . Hence (M) is separable and
consequently 11 is separable.
P rop os 111 on 3, 15
If X is separable then X is an Asplund space.
Proof: Let M be closed separable subspace of X . We have
XV
: M That X is separable implies Xi is separable, and11
hence M is separable.
Proposition 3. 16_
If X satisfies the following condition (), then X is an
Asplund space.
there exists an equivalent nor: on X such that whenever
{f } is a net in X which converges weak to f and satisfiesf¥
Proof: Let. M be a closed separable subspace of X , we will show
that M is separable.
The unit ball B of M is weak compact and metrizable, hence
weak separable. Let D c B be a countable weak dense subset. It suffices
to show that the norm closure of D contains the unit sphere of M . Let
There exists a sequence f r; D which converses weak
n
to f . Since the norm in II is weak lower semicont inuous, limj if ! | = 1 .TT 11 '
For each n , let g be the extension of to X of norm one
and g be a weak cluster point of {g } . Then there is a subnet fg 1
n u
converges weak to g . In particular, g (x) g(x) , for all x e II .Ci
Hence g is an extension of f , hence has norm one. By () , | |g - g | | - 0 .
g is a norm cluster point of ' (g j . By norm continuity of the restriction
map, f is in the norm closure of {f } » The proof is complete,
n
Chapter 4. Geometric characterisations of Asplund Spaces -
The Radon-Nikodym Property and the Krein-Milman Property
In this chapter, we will give some geometric characterisations of
Asplund spaces.
We introduce some geometric properties of a Banach space.
Definition 4,1
A Banach space X is said to have the Kr e in-Mi Iman Pro per t. y if every
closed bounded convex subset of X is the norm closed convex hull of its
e x t r erne p o int s ,I-
We have the foilowing result.
Propos 111 on 4 . 2_
X possesses the Krein-Milman Property if every nonempty closed
bounded convex subset of X has an extreme point.
Proof: Let B be a nonempty closed bounded convex subset of X andA.
closed convex hull of the set of extreme points of B . If
then by the corollary of the Bishop-Phelps Theorem (corollary 1.7),
there exists f t X such that f (e) sup(f(b), b e B'• = f (b ) , for
o
all e o E and some b ? B .
o
The peak set C = {b c B : f(b) = f (b )} is nonempty, closed bounded,
o '
convex and disjoint from E . By hypothesis, there exists an extreme point
X of C . Note that C; is an extremal subset of B and hence x c E ,
a contradiction.
Definition 4.3
A Banach space X is said to have the Radon- Nikod.ym Property (see
[11], page 136) if every closed convex bounded subset of X is dentable.
A subset D of X is said to be dentable if for all e 0 , there exists
Xr D such that X£ 4 co{DSf (x )} , where S(x) = (y e X, j jy - x | |
This x is called a denting point.
We have the following propositions.
Proposition 4.4
if co D is dentable, then so is 13 .
Proof;
Let e 0 and x c co D be a denting point of co D corresponding
to £0 in the definition of a dentable set applied to co D . ThusZ.
x 4 co(co DS , (x)) = 0 . Clearly Q does not contain D since otherwise
this would imply 0 contains co B which is impossible as x co D but
x 4 Q • Thus DQ p . Let d . D' Q , we will show that d t co(D S (d))£.
to complete the proof.
For anv d e DQ , d : S. , (x) ; otherwise we get- o
Also, note that
for each d e DQ . For if e e D and e 4 Sr(d) , then
and hence e £ Q by the above fact that
As Q is closed and convex, for each d e DQ , co(DS (d)) c Q and£
hence d 1 co(DS (d)) .
Proposition 4 . 5
X possesses the Radon-Nikodym property iff every closed separable
subspace of X possesses the Radon-Nikodym Property,
Proof: It is immediate from the definition that if X dossesses theJL
Radon-Nikodym property then every closed subspace of X possesses the
Radon-Nikodym Property, and hence every closed separable subspace of X
possesses the Radon-Nikodym Property.,
Conversely, if X does not possess the Radon-Nikodym Property, we
will produce a closed separable subspace of X which does not possess the
R ad o n - N i ko d 3 in P r oper t y.
By hypothesis, let D be a closed convex bounded subset of X which
is not den table. Then there exists s 0 such that for each x c. D ,
there exists a countable subset A c DS (x) such that x co(A ) . Define
x — c x
by Induction a sequence {A of subsets as follows. Pick anv z »•: D
n , 1
a countable subset and is clearly not dentable by
its construction. Let II be the closed separable subspace generated by A .
By Proposition 4.1, co A is not dentable. We have produced a closed
convex bounded subset co A of II which is not dentable. The proof is
complete.
The main theorem in this chapter which gives geometric characterisations
of Asplund spaces is the following:
Theorem 4,6





X is an Asplund space.
Every separable subspace of X has separable dual.
X possesses the Radon-Nikodym Property,
X possesses the Krein—Hi1man Property,
By Theorem 3.11, it suffices to prove the equivalence of (2), (3)
and (A).
Proof of Theorem A.6:
We can show that this .implication holds for any Banach space Y .
Let Y be a Banach space which possesses the Radon-Nikodym Property
and B a nonempty closed bounded convex subset of Y . To show that Y
possesses the Krein-Milman Property, it suffices to show that B has an
extreme point, by proposition 4.2,
By the dentabiiity of B , there exists an - 3 such
Bishop-Phelps Theorem (Corollary 1.7), we can find
Let B, = (b c B : f, (b) = f. (b ) . B. is a nonempty extremal
1 1 1 o i
closed (bounded) convex subset of B , and diameter of B, is less L'nan
Similarly, by the dentabiiity of B , there exists a nonempty extremal
closed (bounded) convex subset B0 of v.ith diameter less than 2 •
By inductive procedure, we obtain a sequence (B } of nonempty
n
closed bounded convex subsets such that B B o B0 . m B d ... B
I ~~ L — n — nil
is extremal in B and diameter of B is less than e
n n ry n
Then X is an extreme point of B .
To prove (4) (2) of Theorem 4.6, we need several lemmas.
Lemma 4.7
Let -Z be a nonseparable Banach space and let 1 denote the first
uncountable ordinal number. Thengiven z 0 , there exist indexed sets
{z , a Q} and {h : a ft} in Z and Z respectively such that forOt
all ordinal numbers a, 3 • fi , we. have
Proof:
Choose z e Z and h




Since the closed linear span of z , a is separable, there existsTt
g £ Z{0} , such that g(z ) - 0 tor all . lake 0 such tnatCt
Up M
Q ~j—j j | 1— 1 4 c • 3.11 ci 11k.6 z . z o l norm 1 Liici c
!Is!! - « 6
gUg) i ig! - 6 •
Le t
Before we state another lemma, let us recall that a point g : X
is a weak- c.ondensation point of the set A £ X whenever for each weak
neighborhood U of g , An U is uncountable.
Let A be a bounded subset of the dual of a separable Banach space
X , then A is weak- metrizable and satisfies the second axiom of
countability (in the relative weak- topology) and hence is Lindelof.
Moreover if A is uncountable, then all but countably many points of A
are weak- condensation points of A .
A sequence of nonempty sets {A } is called a pre-Haar system of sei11
if A„ u A„ ,, c A for each n , and the sets A , , .... A , M
2n 2n+1 — n ' 0k 2 -.1 are
pairwise disj oint, The sequence (A 1 is calledL n
»
a Haar system of sets if, in addition, {A } satisfies A0 u A,. , . = A
—_ n 2n 2n+l n
Lemma 4,6
Let X be a separable Banach space with nonseparable dual. Then fo
each 0 e 1 , there exists a pre-Haar system {A in S(X-) and a
n
sequence {x } in X such that
n
we have





Let 0, be the first uncountable ordinal. By lemma 4.7, we can choose
SI} fi X s u c 11 t h a t:
and
Step one. A is a bounded and uncountable set. By the facts mentioned
before this lemma, there is f e: A which is a weak condensation pointa i
of A . Choose x, e X such that I !x, ! j 1 + e and1 1 1 1 ' 1
Consider the weak neighborhood U of f where
a,
is uncountable and for any f t A. , we havei '
Step two. As A, is an uncountable set, we can choose f , f to
1 a2
be weak condensation points of A with a |3 x . Note that
x i I Z
By the corollary of the Helly Theorem (Corollary 1.10), we can find x? §Lm
such that
Since F (x ) = 0 and f is a weak condensation point of the set
3]_ 2 3]
A, , there is a weak condensation point r in A with o a andj LX -X. A.
Now
Hence by corollary 1.10, there is e X such t'ha
Consider the weak neighborhoods U, V of f , f respectivelyUo (A '
J
given by
Note that U, V are disjoint and each contains uncountably many members
of A, .
un c o un t ab ly many we a k c on d en s a t i on p o in t s .
Moreover, if f e A_ u A. , then7 1
Thus x,, x0, x0, A.s A0} A„ have been appropriately chosen,i 2 J I z' J
We shall illustrate the general method of selection by showing how
to select x, x,_, x., x_,, A, A., , A-, in the next step.
Step three. Choose A- and f to be weak condensation points of
3 2 p
A and A respectively with 8 • Then choose j to be tie weak
JL b 2- -A Zj.
condensation point of A? with ° •Z2 -A «
Note that
Again, by corollary 1,10, we can choose x, c X such that
4
As f is a weak condensation point of A_ with ( x,) = 0 ,
2 2 32 4
there is a weak condensation point f of A_ where a a_ and
A 2 4 p
By corollary 1.10, there exists x - X such that
Since f is a weak condensation ooint of A„ and
3 3 a
We can choose a weak condensation pcnnt i ol A„ sucn that
a 3o
By corollary 1.10, there exists x : X with !l|j 1 + e such
tha t
Next, f vanishes at: x xr and x. and f. is a weak-
3 4 5 6 Bo
condensation point of A , there is a weak condensation point f of
a y
A with a a such that
3 67
Again, F vanishes on f , f and f and F (f ) - 1
a7 a4 a5 a6 a7 a 7
with I j F j 1 + e
1 1 a 7
Therefore, by corollary 1.10, we can find x_, e X such that
7
Define
Continuing in this way, lemma 4,8 is seen to hold.
Lemma 4.9
Let X be. a separable Banach space with a nonseparable dual space.
Then for each e 0 , there exist a nonempty weak compact subset A
of X , a Haar system of relatively weak closed and open subsets {C }5 n
of A and a sequence {x } in X such that | jx {| 1 + c and for anyv) n
Proof:
Let {A } and {x } be chosen as shown in lemma 4.8.
n n
Let B denote the weak- closure of A . We shall show that B ' s
n n a
also constitutes a pre—Haar system. it can be checked directly that for
k k-f 1
distinct m , n such that 2 a n, m 2 , B n B is empty set',
n m
Moreover if
In fact, if f c B , there is a net {f } of A such that f
n a n
converges weak- to f ,
Thus
k lc+1
If f t B with m n and 2iv m 2' , then we have a net [g } of
m 3
A such that g... converges weak- to f . Then
m B
A is a nonempty weak- compact subset of X- . For each n , let C - Bn n
Then fC } is clearly a pre-Haar system and since
n
The system {C } is actually a Haar system for a . Clearly each
partition consists of relatively closed
and hence open subsets of
completes the proof of the lemma.
Proof of Theorem
We want to show if the Banacli space X contains a closed separable
subspace Y whose dual is not separable, then X does not possess the
Kr e in- r ii Iman P rope r t y,
By lemma 4.9, there exists a nonempty weak compact subset A of Y
with a Haar system {A } of closed and open subsets of A and a bounded
n
sequence
g e A , then
Denoted by I the sigma-fieId of subsets of A generated by {A } ,Tt
be the unique measure for which whenever
Define the mapping T : Y LuO by Th en
Ty c C(A) for each y £ Y , where C(A) is the space of continuous real-
valued function on the weak compact set A , with sup-norm topology.
Clearly T is a continuous linear operator from Y to L ,(m) As Lw(u)
is an infective Banach space, T has a continuous linear extension, we
still call it T , to all of X .
Note that () can be rewritten as
For each n , let be given by
Let A o L (;0 be given by
n
and let where T denote the adjoint map. We have
Let C, I) and K be given by
Clearly, C and D are weak compact: convex subsets of: L GO and X
respectively. Moreover TC is clearly weak dense in D , and by the
weak compactness of C , we have TC = D .
We want to show that K is a nonempty, norm-closed, bounded subset
of X with no extreme points.
Note that
The terms on the right go to zero as m - , hence each f belongs to
K and K is nonempty.
It is easily seen that. K is convex and bounded, Moreover, K is
normed closed:
if f is in the norm closure of K and for all £ 0 there i
g e K such that
Since g e K , there is an integer yn such that if k m ,
hence, if k in , then
Thus K is closed.
Finally we want to show that K does not have any extreme point to
complete the proof.
It i ollows that K is extremal in D . Flieretore, it suffices to show
that none of D's extreme points lie in K .
Let e be an extreme point of D , As TC - D , C n (T) ({e})
is a nonempty, extremal, weak closed convex subset of C . By the Krein-
Milman Theorem, this set contains an extreme point 6 of C . Clearly
for all n ,
As C is the weak closed convex hull of {A } .
n
|3 c (weak closure of (A }){A } , by Milman's Theorem
n n
Now for any m ,
has only values 0 or 1 , As B is the weak limit or a net from the
weak closure of the A 1s , we conclude that 6(x, ) is either 0 or I
n ' A
m
for each m . As each A is a probability measure, so is p
n
in f in i t e 1 y o f t e nis
Let m be such that
Thus Therefore none of the
extreme points of D belongs to K , hence n has no extleme point. inc.
proof is complete.
We complete the proof of the remaining part ((2) = (3)) of Theorem
a.6 by proving proposition 4.14 which is a consequence of several lemmas.
Lemma 4.10
If Is a compact Hausdorff topological space and where
each ft is closed, then U (2°) is dense in ft (ft° denotes the interior
n ' n n
of ft ) .
n
Proof: Let U be a nonempty open subset of Q , Then U is locally
compact. Hence by BaireT s Category Theorem (see [5], page 249). U is of
second category in itself. But U ~ u (IJ n ft ) and each U n ft is closed
n n n
in U . Thus some U n ft has a nonempty interior relative to U , and
n
o




Let X be a Banach space with separable dual space X- . Then for
each weak compact subset ft of X , the set of points of at which
the identity map is continuous between the relative weak and norm topologies
is a weak dense Gr. subset of ft .(ft
Proof; For each e 0 , let A denote the union of all relatively(
weak open subsets of ft having diameter e . Clearly is a weak
open subset ofA. Since X is
separable, there is a sequence {£ } £ X such that
Since the norm of X is weak lower semicontinuous, each set
is weak closed in ft . By lemma 4.10, the set U — U weak interior
11
is weak dense in Thus A is a weak
r
dense open subset of ft , But the set of points of continuity is just
which is a weak dense G, subset, by Baire's Category Theorem.o
Let X be a separable Banach space and be a weak compact convex
subset of X . Then extreme points of cons t i t u t: e a weak
G
r
subset of Consequently, the set of extreme points of ft is of
second category in itself (in the weak topology).
Proof: Since X is s eparab 1 e and is we a k compact, is weak
metrizable with metric d . Let 0 , consider the set II of all
p o in t s of which are midpoints of two points of at least
d-distance apart. Clearly IT i is a weak closed subset of Moreover,
the set of non-extreme points of is precisely Thus the set
of extreme points of is a weak G„
5
subset of the complete metric space
(ft, d) . By a classical result of Alexandroff (see [3] page 154), this
subspace is metrizable with a metric p for which ft is complete. Hence,
by Baire's Category theorem, it is of second category in itself.
Lemma _4 ._1_3
Let X be a Banach space with separable dual space X . Let ft be
a weak compact convex subset of X with the set E of extreme points
of ft . The set Z of ail points of continuity of the identity map on .
between the weak and norm topologies relativized to ft intersects E in a
we a k dense G. .subset o f h •
6
Proof : Without loss of generality, we may assume that diameter of
Let 0 and B be the set
e
there is a weak- neighborhood of f contained in
having diamet e r
Clearly, B is a weak- open subset of E . We claim that B is weak-
£ e
dense in E „
Let W be any weak- open subset of X- such that W n E 4 1 . Let
closure of E . Then D is weak- compact and W n D 4 j . Bvi. ' ' j
lemma 4.1i, the identity map on D between the relativized weak- and norm
topologies is continuous on a weak- dense set. Thus there is a weak- openx. '—' A.
subset V of E such that
and diameter of V n D L °0 .
Then K and K0 are weak- compact and E y_ K u K0 , Thus, by the Krein-J. L
liilman Theorem, Q is the weak- closed convex hull of K v K0 , Mote1 L
that otherwise by Uilman5s Theorem, the extreme points of
lie in the weak- compact set DV which, since yields the
existence or extreme points .of Q not in K .
weak- compact, convex subset of
proper subset of




But diameter of V n D fc„ and K_ is the weak closed convex hull of
z z
V o D . Thus by the weak lower semicontinuity of the norm in X , diameter
K , It follows that diameter of (hC) c .
zi x—
Since there, is u t Clearly u f B . Moreoverj P.
Thus the density
ot is proved.
Now observe that Each B] , is weak dense and open
ii
in E , by lemma 4.12, E is of second category. in itself, therefore Z n E
is a weak dense Gr subset of E
o
Using the above lemma, we can prove the following proposition:
Proposition 4.14
If X Is a Banach space and X is separable, then X- possesses
the Radon—Nikodym Property.
Proof: Let B be a norm-closed convex bounded nonempty subset of X ,
and let L be the weak closure of B , Let E be the set of extreme
points of Y and Z be the set of points of Q at which the identity
map is continuous between the relativized weak- and norm topologies.
By lemma 4.13, there exists z e E n Z . Since B is weak- dense
in Y , there is a net {f } = B which converges weak- to z . But asCt.
-7 7 this implies that {f converges to r? in no rra topology.
7TVJ
1 hus
z B , we claim that 7 is a denting point of B . Let e 0 , since
z 7 there is a weak- open subset W of X such that z t W n Q and
diameter of U '1 O 'k fV? 1 c j (. — ( By Milman's Theorem, Z 1 weak- closed convex hull«y
of YW 5 since
r-r
zb Vi- « Hi us vZ- r C G ( j 6 W) p ' , p f Mr „ !ID L6 L) Li. h j , ; j 1. — zt! 1 1
is contained in :W , we get that z co (B {f •: X-, j | f - z :
_ i'
•— j hence
z is a denting point.
Proof of The orem 4»6
By proposition 4.5, it suffices to show 111 at every c1osed separab1e
subspace Y of X- has the Radon-Nikodym Property. By theorem 1.14,
there is a separable subspace M of X such that Y is . n-metric to aJ. x
subspace of M- . By hypothesis, 11- is separable.
Hence, by Proposition 4.14, 11- has the Padon-Nikodym property
and so has Y (as a closed subspace of 11-) .
Chapter 5. Characterisation of Asplund Spaces - Frechet differentiabil.it
of equivalent norms
In this chapter, we characterize the Asplund spaces by considering
the Frechet differentiability of their equivalent norms.
We summarize it in the following theorem:
Theorem 5.1
The following are equivalent
(1) X is an Asplund space
(9 ' Every continuous gauge functional on X has at least one point, of
Free li e t d i f f e. r e n t i a b i 1 i t y.
(3) Every equivalent norm on X has at least one point of Frdchet
differentiability.
Proof: It is trivial that (1) implies (2) and that (2) implies (3).
By Proposition 3.6 and Theorem 3.4, we see that (2.) and (I) are equivalent.
Therefore it suffices to show that (3) implies (2) to complete the
proof of this theorem.
Let p be any continuous gauge functional on X . Then p(x) -f p (-x)
1 ! i i
defines a continuous seminoma, and hence p (x) + p (,-x) + j jx ; , defines an
j
equivalent norm of X . The proof will be complete once we have proved the
following proposition:
Proposition 5.2
If i!0 are continuous convex functions on a open convex subset
D of X and if the Frechet derivative of ip -f i exists at x e: D ,I Z.
then the same is true for 1 and ip ,
i L
Proof: It is immediate from, the definition of subdifferential that if
The Frechet differentiability of in the hypo t.hesis , implies
that the right hand side is singleton, Hence and are also
singleton, that is, and p are Gateaux differentiable at x , Thus,•' ZmT
we get Since for all y in some
neighborhood of 0 ,
and since we have forsuch y ,
It follows that ip is Frechet differentiable at x , and similarly, soJL
is i «
We have proved this proposition and the proof of theorem 5.1 is complete.




If X admits an equivalent norm which is Frechet differentiable at
each point x 4 0 , then X is an Asplund space.
Proof: By Theorem 3.11, it suffices to show that every separable
subspace II of X has a separable dual. Note that the restriction to
11 of a Frechet differentiable norm of X is a differentiable norm on |Vj .
Let x c M with norm one. Let D denote the Frechet differential of the
x
norm at x . By proposition 3.6,
Thus, each D (with I!xj- v ! i- A is a continuous linear functional of
norm one which attains its maximum at some point on the unit ball of M .
Conversely, anv such functional is, by proposition 3.6, a subdifferential of» i. i.
the norm and hence has the form D . By the Bishop-Phelps Theorem (Theorem
x
1.6)j those max-attaining continuous linear functionals are norm dense in
the unit sphere of X - Hence the map x - from the sphere of X into
that of X lias norm dense range. By theorem 2.9, the map x - D isX
norm-to-norm continuous. It follows that the sphere of 11 (hence the
whole II) is norm separable.
Chapter 6. Evaluation of Frechet differentials of norms of some
Classical Banach Spaces
In this chapter, we evaluate the Frechet differentials of the norms
for some classical Banach spaces. It is worth to point out that though
t (1) is not an Asplund space, its norm is Frechet different!able on aCO
dense G„ subset.
o
Let (X, j j | j) be a Banach space and X f {0} . Let us note first
that the norm | j j j is not Gateaux, hence not Frdchet, differentiable at 0 .
Indeed, consider any
If (X, || | j) is a Hilbert space with inner product , ,
then the Frdchet differential of the norm at any
because of the inequality
be verified easily.
Throughout the whole chapter let X be a Banach space and we shall
sometimes write d for the norm j j j ~the Banach spaces thatVsnall
cje
consider are the following:
A)
11
IR with p-norms .
]Rn is an Asplunci space since it is reflexive.
Suppose for all i . Then [ is differ en liable at x and
In factj consider
Thus the numerator will be identically equal to zero. Our assertion is seen
to hold.
Suppose Then ip7 (x) does not ex.1 s t: , To see
with the j-th co-ordinate equal to
o n e a n d o 11i e r s e q 11 a 1 t o z e r o.
The n t. h e 1 im i t does not exist.
Therefore, I I | I, is Frechet differentialle exactly at those points• 1 : i i
for all i .
in
These points form a dense (and G ) subset of .IR , For all
Suppose there exists unique x such that
i
then
To see this, consider
provided
that ! S yI ! is sufficiently small, because then1 ' oo J 1
as there is e 0 such that
Note that the numerator in () is identically equal to zero. Thus





Therefore, I j II is not Gateaux differentiable at x . ill! is Frechet! 1 ' CX I I I I 00
differentiable at exactly those points which attain the norm
at a unique co-ordinate. These points form a dense subset of TR 1 . Indeed,
Th en
and
attains its norm at the j-th co-ordinate,
111) 1 P 00 (p - 2 is the case of a Hilbert space)
Let
Then
Indeed, by direct computation, the directional derivative of i ! J alone
' !P
the i-th co-ordinate is equal to By Theorem 2.12, Gateaux
differentiability and Frechet differentiability are equivalent in IRU for• X
convex functions. Hence the Frechet differentiability of MM is verified.II 1 I -pv p
is anv infinite set with
I (r) is an Asplund space for 1 p « , Since it is reflexive; while
P
t,(1) and Z (T) are not Asplund spaces,1 00
i) 1 is any infinite set.
Suppose F is an uncountable set. Then there exists
Th en tl 1 e 1 imi t
does not exist.
Hence is not Gateaux differentiable at any point.
Suppose F is a countable set, | hat is
If there exists x. such that
J then || || is not Gateaux
differenliable at x , since
where the last equality can be justified by a classical result. Thus
|i is Gateaux differentiable at for all n .
The Gateaux differential dif-Mx) is represented by (se;n(x )) , and is the
n
only possible candidate for Frechet differential.
Hence, dip(x) is not a Frdchet differential of y at x and so b is
not Frdchet differentiable at x .
ii) I (I) , f is any infinite set.
Ml is Frdchet differentiable at nonzero
M I oo
if the fo11owing
condition (-) is satisfied.
there exists unique and there exists
0 such that f o r a 1.1 We shall show in this
case that
Our assertion is verified.
If x does not satisfy condition (), then there are two cases,
Case (1) : There exist with such that
We may ass ume
fit
men
Hence ! I I 1 is not: Gateaux differentiable at such x .11 oo
Case (2) : There exists a sequence
such that
we may assume without loss of generality that
for all, n .
Let be defined by
Then
while
so !I I j is not Gateaux differentiable at x .15 ( 1 CO
Therefore we have shown that |! 1 is Frechet differentiable at only' 1 DO J
those points satisfying condition () . Hie.se points form a dense subset
of To see that , let
If then take
Clearly and X satisfies condition ().
then there exists y ,
P
(we can assume y . 0) such that
P
Then x satisfies condition ( ) and
1 hough the norm on I (F) is Frdebet differentiable on a dense° cc
subset of £ (F) , we shall show that it is not an Asplund space byCO
constructing a continuous seminorm which is . vinwhere Frdchet differentiable
on £ (F) .oo
Let F be a countablv infinite subset of F . We can identify
o
t (F ) with c (IM)CO o oo
Define i. s a c o n t i n u o i s
seminorm on
Define P on t (F) byCO J
P is a projection of Z (F) onto £ (F ) 5 and p o P is a continuous
°0 CO Q
seminorm on Z (F) .CO
It suffices to show that p is not Gateaux differentiable at any




choose a subsequenceA. such that
it
without loss of generality we can assume that
for all k . Define
Then
111) is the case of a Hilbert space).
Then
Hence is the Gateaux differential
By Theorem 2,9, it suffices to show that the subdifferential map is norm-
to-norm continuous.
Since the subdifferential map is always norm-to-weak (hence norm-
n _ s
to—weak, since 1- (F) is reflexive) continuous, di[(x ) converges to
P
dl(x) weakly.
Because -t (F) L (F) are uniformly convex and
p q
Then L [01] is an Asplund space if
P
are not: Asplund spaces.
We consider two cases:
Case (1). Suppose on a set S of measure greater than zero. Then
does not exist.
Hen c e is not Gateaux differentiable at f .
Case. (2). S up pose f = 0 o n 1 y o n a. set S o f me a s ure zero. We c a n
neglect this set, i.e., we can assume that
Hence Sgn(f) e L [0 1] is the Gateaux differential.
But it is not a Frechet differential:
Let {P } be a sequence of measurable disioint subsets of [0 11 such
n t ,, .
Hence is not Frechet differentiable at f .
is not Gateaux differentiable at any
verify this in two cases:
Case (1)» Suppose tlwS- is a measurable set S , with m(S) 0 such
that Clearly there exist subsets
S,, S of L0, I] , such thatL Z
Without loss of generality we may assume that
Then
while
Case (2). Suppose only on a set of measure zero.
Let T a k e a s e q u e n c e
for all ii and Consider the sets
that there arc infinitely many such sets with positive measures Otherwise
there exists N such that
Without loss of generality, we can choose a subsequence
of {S } (we still call it {S }) such that m(S ) 0 for all n




ill) is the case of a Hilbert space),
Let
then
is the Gateaux differential.
Since L [0 1] is reflexive and uniformlv convex, and
P
d'y1 (f) is in fact the Frechet differential by a similar argument given
r




C(T) , where T is compact Hausdorff topological space his dispensed•
in the sense that every nonempty subset of T has at least a relatively
isolated point. The norm in C(T) is defined by
C(T) is an Asplund space (See [18]).
| | 1 '
| j j is Frechet differentiable at those functions f satisfying
the following conditions {),
There exists a unique
the unique is an isolated point of T ,
If f satisfies condition then there is e 0 such that
i
(otherwise there is a sequence
and this sequence has an accumulation
Hie numerator is identically equal to zero. This proves the Frdchet
differentiability of ib at f .
Suppose f does not satisfy condition () . Then b'(f) does not
exist. We verify this in the following two cases:
Case (1). There are two isolated points of T such that
We may assume
Take g e C(T) , defined by for all
is c on tinuous sinc e is an isolated point.
Then
while
Case (2)„ Ihere is an accumulation point y e T such that
We may assume without loss of generality that
Consider the open sets Since T is dispersed,
each contains an isolated point hence
isolated point of f since is open,
We have
Consider the function g e CCp defined by
g is continuous since all the x are isolated points. Then
n
Hence is Frdchet differentiable at exactly those members
which satisfy condition
These members form a dense subset of C(T) . In fact, if
an d take any isolated point y in X . Define g e C(X) by
an d g s a t i s f i e s
condition
If Consider the nonempty open set
(we may assume there is y e X such that This set
must contain an isolated point x . Since
o
is open.
x is an isolated noint of X .
o
Define
Moreover g satisfies condition
Recall that iff the following is satisfied: for all
there exist such that for all
is a Banach space under sup-norm Moreover
By proposition 3.16, cri(F) is an Asplund space if we can show that
satisfies the condition
Whenever ixx} is a net in £(r) which converges weak to x
a i ol
It x converges weak to x then x converges co-ordinatewise
to x . Let the support of x be
Let There exists N such that
Also there exists a such that if then
hence




Therefore c0(r) is an Asplund space.
5 I | .
Moreover, we shall show that the norm. | j j on ct,(r) is Frechet
differentiable at those and only those points x satisfying the following
property
there exists unique x such that
If X satisfies condition (), then
In fact, note that there is such that £ o r
all Hence




wh i 1 e
Therefore { j |[ is Frdchet differentiable exactly at those points
x satisfying condition ().
These points form a dense, subset of c,, (r) . To see this, let e 0
and
Let 3 be such that
Define
Then and satisfies condition
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